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FOUR-DIMENSIONAL NEUTRAL SIGNATURE SELF-DUAL
GRADIENT RICCI SOLITONS
M. BROZOS-VA´ZQUEZ E. GARCI´A-RI´O
Abstract. We describe the local structure of self-dual gradient Ricci solitons
in neutral signature. If the Ricci soliton is non-isotropic then it is locally
conformally flat and locally isometric to a warped product of the form I ×ϕ
N(c), where N(c) is a space of constant curvature. If the Ricci soliton is
isotropic, then it is locally isometric to the cotangent bundle of an affine surface
equipped with the Riemannian extension of the connection, and the Ricci
soliton is described by the underlying affine structure. This provides examples
of self-dual gradient Ricci solitons which are not locally conformally flat.
1. Introduction
Let (M, g) be a neutral signature four-dimensional pseudo-Riemannian manifold.
Let f ∈ C∞(M), we say that the triple (M, g, f) is a gradient Ricci soliton if the
following equation is satisfied:
(1) Hesf +ρ = λ g ,
for some λ ∈ R, where ρ is the Ricci tensor, and Hesf is the Hessian tensor acting
on f defined by
(2) Hesf (x, y) = (∇xdf)(y) = xy(f)− (∇xy)(f) .
For f constant, equation (1) reduces to the Einstein equation ρ = λg, so gradient
Ricci solitons generalize Einstein manifolds in some way. The main interest of
gradient Ricci solitons comes from the fact that they correspond to self-similar
solutions of the Ricci flow ∂tg(t) = −2ρg(t). If λ > 0 or λ < 0 then (M, g, f) is said
to be shrinking or expanding, respectively, whereas if λ = 0 it is said to be steady.
Gradient Ricci solitons have been extensively investigated in the literature – see for
example the discussion in [4, 9, 13] and the references therein.
Self-dual Einstein metrics are important not only in geometry but also in math-
ematical physics since they constitute the background structure of gravitational
instantons. Furthermore note that those metrics are locally conformally Bochner-
flat Ka¨hler on the open set where ‖W+‖2 6= 0, provided that W+ has at most
two-distinct eigenvalues [16] in the Riemannian category. Moreover, a geometrical
interpretation of the Einstein self-dual condition in terms of the spectrum of the Ja-
cobi operators was investigated as the first non-trivial case of Osserman manifolds
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(cf. [3, 12, 14]). We emphasize here that the geometry of (anti)-self-dual confor-
mal structures is much richer in neutral signature (2, 2) than the corresponding
Riemannian one (see, for example [17] and the references therein).
Self-dual gradient Ricci solitons in dimension four have been previously studied
by Chen and Wang in [10], assuming that the manifold has positive definite signa-
ture. They show that all non-trivial self-dual Riemannian gradient Ricci solitons
are locally conformally flat. In this paper we study self-dual gradient Ricci solitons
in neutral signature. Our main result provides a local description, subject to the
character of ∇f . While in the non-isotropic case (‖∇f‖2 6= 0) they are locally con-
formally flat, the isotropic case (‖∇f‖2 = 0) allows the existence of many examples
which are not locally conformally flat, in contrast with the Riemannian setting. All
isotropic self-dual gradient Ricci solitons are steady and they are locally realized as
the cotangent bundle of suitable affine surfaces.
Affine connections inducing gradient Ricci solitons are determined by an affine
gradient Ricci soliton equation which involves the symmetric part of the Ricci tensor
of the connection. Let (Σ, D) be an affine surface, let RD(X,Y )Z := D[X,Y ]Z −
DXDY Z +DYDXZ denote the curvature tensor. The associated Ricci tensor ρ
D
decomposes into its symmetric and anti-symmetric parts as follows:
ρDsym(X,Y )=
1
2
{
ρD(X,Y ) + ρD(Y,X)
}
, ρDant(X,Y )=
1
2
{
ρD(X,Y )− ρD(Y,X)} .
Let h ∈ C∞(Σ), we say that (Σ, D, h) is an affine gradient Ricci soliton if the
following equation is satisfied:
(3) HesDh +2ρ
D
sym = 0 ,
for some potential function h ∈ C∞(Σ), where HesDh = Ddh is defined as in (2).
In order to state our results, we briefly recall some facts of the geometry of
cotangent bundles. Let N be a manifold and T ∗N its cotangent bundle. We
express any point ξ ∈ T ∗N as a pair ξ = (p, ω), with ω a one-form on TpN . Thus
pi : T ∗N → N defined by pi(p, ω) = p is the natural projection. For any vector
field X on N , the evaluation map ιX is the smooth function on T ∗N defined by
ιX(p, ω) = ω(Xp). The special significance of the evaluation map comes from the
fact that vector fields on T ∗N are characterized by their action on evaluation maps
(we refer to [25] for more information). Hence for a vector field X on N its complete
lift is the vector field on T ∗N defined by XC(ιZ) = ι[X,Z], for all vector fields Z
on N . The crucial point is that tensor fields of type (0, s) on T ∗N are determined
by their action on complete lifts of vector fields on N . Associated to any torsion-
free connection D on N , its Riemannian extension is the neutral signature metric
gD on T
∗N determined by the expression gD(X
C , Y C) = −ι(DXY +DYX). The
previous construction can be generalized by adding a deformation tensor as follows.
Let Φ be a symmetric (0, 2)-tensor field onN . The neutral signature metric on T ∗N
defined by gD,Φ = gD+pi
∗Φ is called a deformed Riemannian extension. Deformed
Riemannian extensions are typical examples of Walker metrics since D = kerpi∗ is
a parallel degenerate plane field of maximum rank on T ∗N .
Since the Ricci soliton equation (1) links the geometry of (M, g), through its
Ricci curvature, with that of the level sets of the potential function, by means
of their second fundamental form, we divide our analysis in two parts: firstly we
consider non-isotropic gradient Ricci solitons, this is, ∇f is a spacelike or a timelike
vector field, and secondly we consider isotropic gradient Ricci solitons, this is, ∇f is
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a null vector field on a non-empty open subset of M . The following result classifies
four-dimensional neutral signature self-dual gradient Ricci solitons depending on
the causal character of the gradient of the potential function.
Theorem 1. Let (M, g, f) be a non-trivial self-dual gradient Ricci soliton of neutral
signature.
(1) If ‖∇f‖ 6= 0 at p, then (M, g) is isometric to a warped product I ×ϕ N
where N is a 3-dimensional manifold of constant sectional curvature, in a
neighbourhood of p. Hence (M, g) is locally conformally flat.
(2) If ‖∇f‖ = 0 on an open subset S of M , then (S, g) is locally isometric to the
cotangent bundle T ∗Σ of an affine surface (Σ, D) equipped with a deformed
Riemannian extension gD,Φ. Moreover, for f ∈ C∞(T ∗Σ) and h ∈ C∞(Σ),
(T ∗Σ, gD,Φ, f) is a gradient Ricci soliton if and only if (Σ, D, h) is an affine
gradient Ricci soliton where f = pi∗h.
Recall that the deformed Riemannian extension (T ∗Σ, gD,Φ) of an affine surface
is Einstein if and only if the symmetric part ρDsym of the Ricci tensor vanishes
identically [5].
It is important to emphasize here that the deformation tensor Φ plays no role in
the Ricci soliton equation. Therefore, for any affine gradient Ricci soliton (Σ, D, h),
all deformed Riemannian extensions (T ∗Σ, gD,Φ, f = pi
∗h) are steady gradient Ricci
solitons. This provides an infinite family of gradient Ricci solitons associated to
each affine gradient Ricci soliton. Also note that, while the Riemannian exten-
sion (T ∗Σ, gD) is locally conformally flat if and only if (Σ, D) is projectively flat,
(T ∗Σ, gD,Φ) is always self-dual but not locally conformally flat even if (Σ, D) is
projectively flat [8, 12]. Moreover, all deformed Riemannian extensions in The-
orem 1-(2) have zero scalar curvature and, hence, their self-dual Weyl curvature
operator W+ is always nilpotent [12].
An application of Theorem 1 and results in [1] provide the following description of
four-dimensional locally conformally flat gradient Ricci solitons with no prescribed
signature.
Theorem 2. Let (M, g, f) be a four-dimensional locally conformally flat gradient
Ricci soliton. The following statements hold:
(1) If ‖∇f‖ 6= 0 at p, then (M, g) is isometric to a warped product I ×ϕ N
where N is a 3-dimensional manifold of constant sectional curvature, in a
neighbourhood of p.
(2) If ‖∇f‖ = 0 on an open subset S of M and the metric is of Lorentzian
signature, then (S, g) is locally isometric to a locally conformally flat plane
wave, i.e., there are coordinates (u, v, x1, x2) such that the metric is given
by g = 2dudv + a(u)
∑
(xi)2du2 +
∑
(dxi)2 and f(u, v, x1, x2) = f(u), with
f ′′(u) = 2 a(u).
(3) If ‖∇f‖ = 0 on an open subset S of M and the metric is of neutral sig-
nature, then (S, g) is locally isometric to the cotangent bundle T ∗Σ of a
projectively flat affine gradient Ricci soliton surface (Σ, D, h) equipped with
a Riemannian extension gD and f = pi
∗h.
The paper is organized as follows. We state the basic curvature identities to
be used through the paper in Section 2. Then Section 3 is devoted to investigate
non-isotropic gradient Ricci solitons and to prove Theorem 1-(1). The isotropic
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case is studied in Section 4, where we show that any non-trivial isotropic self-dual
gradient Ricci soliton is steady and that it is realized as the cotangent bundle of
an affine surface endowed with a deformed Riemannian extension. The proof of
Theorem 1-(2) is then completed in Section 5, where affine gradient Ricci solitons
are discussed. Finally, some examples are investigated in Section 6, with special
attention to the existence of non-trivial affine gradient Ricci solitons on projectively
flat homogeneous affine surfaces.
2. Basic formulas and self-dual gradient Ricci solitons
We summarize in the following lemma some known formulas which hold in gen-
eral for gradient Ricci solitons (see, for example [4, 9, 11, 18]).
Lemma 3. Let (M, g, f) be a gradient Ricci soliton. Then the following relations
hold:
(1) ∇τ = 2Ric(∇f) ,
(2) τ + ‖∇f‖2 − 2λf = const ,
(3) R(x, y, z,∇f) = −(∇xρ)(y, z) + (∇yρ)(x, z) .
The Weyl tensor in dimension 4 for an arbitrary pseudo-Riemannian manifold
(M, g) is given by
(4)
W (x, y, z, v) = R(x, y, z, v) + τ6{g(x, z)g(y, v)− g(y, z)g(x, v)}
− 12{ρ(x, z)g(y, v)− ρ(y, z)g(x, v)
+ρ(y, v)g(x, z)− ρ(x, v)g(y, z)}.
Now, using (3) and (1) in Lemma 3 one can write the Weyl tensor where one of the
arguments is ∇f as
(5)
W (x, y, z,∇f) = −C(x, y, z) + τ6{g(x, z)g(y,∇f)− g(y, z)g(x,∇f)}
− 12{ρ(x, z)g(y,∇f)− ρ(y, z)g(x,∇f)}
− 16{ρ(y,∇f)g(x, z)− ρ(x,∇f)g(y, z)},
where C(x, y, z) = (∇xρ)(y, z) − (∇yρ)(x, z) − 1
6
{x(τ)g(y, z) − y(τ)g(x, z)} is the
Cotton tensor.
Let {e1, e2, e3, e4} be an orthonormal local frame. The self-dual (Λ+) and anti-
self-dual (Λ−) spaces of two-forms are generated by
Λ± = span{e1 ∧ e2 ± ε3ε4e3 ∧ e4, e1 ∧ e3 ∓ ε2ε4e2 ∧ e4, e1 ∧ e4 ± ε2ε3e2 ∧ e3}.
where εi = g(ei, ei) for i ∈ {2, 3, 4}. Assume the manifold is self-dual, this is
W− = 0. We consider subindeces i, j and k so that {i, j, k} = {2, 3, 4}. Denote by
σijk the sign of the corresponding permutation. Then self-duality is characterized
by
(6) W (e1, ei, z, T ) = σijkεjεkW (ej , ek, z, T ) for any vector fields z and T.
Now, since the Cotton tensor is the divergence of the Weyl tensor: C(x, y, z) =
(divW )(x, y, z, ·), we use expression (5) to write equation (6) as (we write the
expression as a (1, 3)-tensor equation for simplicity):
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(7)
τ{g(ei,∇f)e1 − g(e1,∇f)ei} − {ρ(ei,∇f)e1 − ρ(e1,∇f)ei
+ 3g(ei,∇f)Ric(e1)− 3g(e1,∇f)Ric(ei)}
= σijk εjεk
(
τ{g(ek,∇f)ej − g(ej,∇f)ek} − {ρ(ek,∇f)ej − ρ(ej ,∇f)ek
+ 3g(ek,∇f)Ric(ej)− 3g(ej,∇f)Ric(ek)}
)
3. Non-isotropic self-dual gradient Ricci solitons
In order to prove Theorem 1-(1), in this section we study non-isotropic gradient
Ricci solitons. We begin by analyzing the diagonalizability of the Ricci operator
Ric associated to the Ricci tensor (ρ(x, y) = g(Ricx, y)).
Lemma 4. Let (M, g, f) be a non-trivial self-dual gradient Ricci soliton of neutral
signature. If the potential function f satisfies ‖∇f‖2 6= 0, then Ric is diagonalizable
and ∇f is an eigenvector of Ric.
Proof. If ∇f is non-null, this is, the gradient Ricci soliton is non-isotropic, assume
without loss of generality that e1 =
∇f
‖∇f‖ and ∇f ⊥ ei, ej , ek. Then (7) reduces to:
(8)
τg(ei, z)g(e1,∇f)− 3ρ(ei, z)g(e1,∇f)ρ(ei,∇f)g(e1, z)− ρ(e1,∇f)g(ei, z)
= σijkεjεk{ρ(ek,∇f)g(ej , z)− ρ(ej,∇f)g(ek, z)} ,
for an arbitrary vector field z. Now, set z = e1 in (8) to get
3ρ(ei, e1)g(e1,∇f)− ρ(ei,∇f)ε1 = 0,
from where ρ(ei,∇f) = 0 for i = 2, 3, 4. Hence ∇f is an eigenvector of Ric.
Next, set z = ei in (8) so that
τεig(e1,∇f)− 3ρ(ei, ei)g(e1,∇f)− ρ(e1,∇f)εi = 0 ,
and thus (since ‖∇f‖2 6= 0)
τ − 3ρ(ei, ei)εi − ρ(e1, e1)ε1 = 0 .
Hence ρ(e2, e2)ε2 = ρ(e3, e3)ε3 = ρ(e4, e4)ε4.
Finally, set z = ej in (8) to obtain
ρ(ei, ej)g(e1,∇f) = 0 ,
and thus, since g(e1,∇f) 6= 0, one has that ρ(ei, ej) = 0 for all i, j = 2, 3, 4, i 6= j,
which shows that Ric is diagonalizable. 
Now we have enough information on the spectrum of Ric to show that a self-dual
gradient Ricci soliton with ‖∇f‖2 6= 0 decomposes locally as a warped product of
the form I ×ϕ N , where N has constant sectional curvature.
Proof of Theorem 1-(1). Adopt the notation in the proof of Lemma 4. Note that
Ric has eigenvalues µ = ρ(e1, e1)ε1 and ν = ρ(ei, ei)εi =
τ−µ
3 , (i = 2, 3, 4). Hence,
for i = 2, 3, 4, the Ricci soliton equation (1) shows that
Hesf(ei, ei) = λg(ei, ei)− ρ(ei, ei) =
(
λ− τ − µ
3
)
g(ei, ei),
and thus the level sets of f are totally umbilical hypersurfaces. Since the one-
dimensional distribution span{∇f} is totally geodesic one has that (M, g) de-
composes locally as a twisted product of the form I ×ϕ N (see [24]). Moreover
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ρ(e1, ei) = 0 (i = 2, 3, 4) shows that the twisted product reduces to a warped prod-
uct [19]. Finally, since I ×ϕ N is self-dual, it is necessarily locally conformally flat
and the fiber N is of constant sectional curvature (see [6]). 
Remark 5. The potential function f in Theorem 1-(1) is a radial function f(t),
and hence a direct computation from the soliton equation (1) shows that it is given
as a solution to the equations:
f ′′ = ε λ+ 3
ϕ′′
ϕ
,(9)
ϕϕ′f ′ = ε λϕ2 − 2 ε c+ ϕϕ′′ + 2(ϕ′)2,(10)
where ε = 1 if ∇f is spacelike and ε = −1 if ∇f is timelike. Thus, differentiating
equation (10) we see that the warping function ϕ is not arbitrary, but a solution of
(11) − 2(ϕ′)4 + 2cε((ϕ′)2 + ϕϕ′′)− ϕ(ϕ′)ϕ′′ − ελϕ3ϕ′′ − (ϕϕ′′)2 + ϕ2ϕ′ϕ′′′ = 0 .
Moreover, the potential function of the soliton f is determined from ϕ up to a
constant. Thus, on a manifold I×ϕN where ϕ satisfies (11), the potential function
always exists locally and is essentially unique. This is justified by the fact that a
warped product of the form I ×ϕ N does not admit nontrivial homothetic vector
fields unless it is Ricci flat.
Non-trivial Riemannian self-dual gradient Ricci solitons are locally conformally
flat as shown in [10]. Note that Theorem 1-(1) covers the Riemannian situation. In
what follows we study the strictly non-Riemannian case when ∇f is an isotropic
vector field. This analysis leads to new examples without Riemannian counterpart.
4. Isotropic self-dual gradient Ricci solitons
We devote this section to analyze isotropic self-dual gradient Ricci solitons in
dimension four and neutral signature. We assume henceforth that the gradient
Ricci soliton is non-trivial. Since ∇f is nonzero and null, there exist a unit spacelike
vector field e1 and a unit timelike vector field e2 such that∇f = e1+e22 . We complete
these set of vector fields to a local frame {e1(−), e2(+), e3(−), e4(+)} (where ei(±)
indicates the causal character of ei) and build the following new one:
B = {∇f = e1 + e2
2
, u =
−e3 + e4
2
, v =
−e1 + e2
2
, w =
e3 + e4
2
} .
All vector fields ∇f, u, v, w are null and the only nonzero components of the metric
tensor expressed in the local frame B are
g(∇f, v) = g(u,w) = 1.
Furthermore, the self-duality condition in equation (6) expresses in terms of the
vector fields of B as:
W (∇f, v, z, t) = W (u,w, z, t) ,(12)
W (u, v, z, t) = 0 ,(13)
W (∇f, w, z, t) = 0 .(14)
for all vector fields z, t.
Lemma 6. Let (M, g, f) be an isotropic self-dual gradient Ricci soliton. Then
(M, g, f) is steady, τ = 0 and Ric(∇f) = 0.
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Proof. Note from Lemma 3 that
2Ric(∇f) = ∇τ = 2λ∇f ,
so ∇f is an eigenvector for the Ricci operator asssociated to the eigenvalue λ.
From equation (12) we have that W (∇f, v, z,∇f) = W (u,w, z,∇f) and more-
over that C(∇f, v, z) = C(u,w, z), hence we use (5) to write
0 =W (∇f, v, z,∇f)−W (u,w, z,∇f) =
(
τ
6
− 2
3
λ
)
g(∇f, z) .
Hence τ = 4λ and τ is constant. But for τ constant, we get that 0 = 2Ric(∇f) =
2λf , so λ = τ = 0 and the gradient Ricci soliton is necessarily steady. 
Lemma 7. Let (M, g, f) be an isotropic self-dual gradient Ricci soliton. Then
there exists a 2-dimensional null distribution D such that Ric(D) = 0 and the Ricci
operator is two-step-nilpotent.
Proof. From equation (13) we have thatW (u, v, z, t) = 0 and, hence, C(u, v, z) = 0.
Now, from equation (5) we compute
0 = W (u, v, z,∇f) =
(
τ
6
− λ
6
)
g(u, z)− 1
2
ρ(u, z) .
Since τ = λ = 0 from Lemma 6, we get that ρ(u, z) = 0 for any vector field z. Hence
Ric(u) = 0. Define the distribution D = span{∇f, u} and note that Ric(D) = 0.
Moreover, as a consequence of this fact, the only possibly nonzero components of
the Ricci tensor are ρ(v, v) = a, ρ(w,w) = b and ρ(v, w) = c. Hence, the matrix
associated to the Ricci operator in the local frame B becomes
(15) Ric =


0 0 a c
0 0 c b
0 0 0 0
0 0 0 0

 .
Thus, Ric2 = 0. 
Remark 8. The distribution D in Lemma 7 is self-dual and is well-defined. Associ-
ated to the null vector ∇f , consider the 2-dimensional non-degenerate cocient sub-
space ∇f⊥ = (∇f)⊥/ span{∇f}, which inherits a Lorentzian metric. Let u ∈ ∇f⊥
be a null vector field such that the 2-plane σ = span{∇f, u} is self-dual (i.e, ∇f ∧u
is a self-dual 2-form), where u is an arbitrary representative on ∇f⊥ of u. Observe
that the distribution D coincides with σ and is uniquely determined.
It is worth emphasizing that all our results are local so we may change self-duality
by anti-self-duality in our analysis. However this choice of orientation determines
the Walker structure of the manifold and viceversa.
As a consequence of Lemma 7 the image of Ric is totally isotropic: Im(Ric) ⊂ D.
Moreover, since the Ricci soliton is steady, the Hessian operator of f defined by
hesf (x) = ∇x∇f satisfies hesf = −Ric, and hence ∇x∇f ∈ D for all x. Also,
we obtain that Ric ◦ hesf = 0 and therefore (∇x Ric)(∇f) = 0. From Lemma 3
R(x, y)∇f = (∇x Ric)(y)− (∇y Ric)(x) and then
R(∇f, x)∇f = (∇∇f Ric) (x).
We already know that the distribution D is totally isotropic, in the next lemma we
show that it is also parallel and therefore (M, g) is a Walker manifold.
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Lemma 9. Let (M, g, f) be an isotropic self-dual gradient Ricci soliton of dimen-
sion 4. Then (M, g) is a Walker manifold.
Proof. We see that D = span{∇f, u} is a parallel distribution as follows. Since
Im(hesf ) ⊂ D, we have that ∇x∇f ∈ D for all x. Since D is totally isotropic and
D⊥ = D we see that ∇xu ∈ D as follows:
0 = x g(u, u) = 2g(∇xu, u) ,
0 = x g(u,∇f) = g(∇xu,∇f) + g(u,∇x∇f) = g(∇xu,∇f) .
Therefore ∇xD ⊂ D for all vector fields x, which shows that D is parallel. 
Deformed Riemannian extensions are characterized amongWalker manifolds by a
curvature condition which is, in a certain sense, analogous to the curvature condition
characterizing pp-waves among Brinkmann waves in Lorentzian signature [21].
Theorem 10. [1] Let (M, g) be a four-dimensional manifold admitting a 2-dimen-
sional parallel null distribution D. Then g is the deformed Riemannnian extension
of an affine manifold if and only if R(x,D)D = 0 for all vector fields x on M .
Now the first statement of Theorem 1-(2) is proven as follows.
Lemma 11. Let (M, g, f) be an isotropic non-trivial gradient Ricci soliton of di-
mension four. Then (M, g) is the cotangent bundle of an affine surface (Σ, D)
equipped with the deformed Riemannian extension gD,Φ, where Φ is a symmetric
(0, 2)-tensor field on Σ.
Proof. As a consequence of Lemmas 6, 7 and 9 we know that (M, g) is a Walker
manifold. We work with the previously constructed local frame B to prove that
R(x,D)D = 0 for any vector field x and obtain the result as a consequence of Theo-
rem 10. More specifically, we are going to see thatR(∇f, x,∇f, x) = R(∇f, x, u, y) =
R(u, x, u, y) = 0 for any vector fields x, y ∈ {∇f, u, v, w}.
From expression (4) we get that
W (∇f, v, z, t) = R(∇f, v, z, t) + c2{g(u, z)g(∇f, t)− g(u, t)g(∇f, z)} ,
W (u,w, z, t) = R(u,w, z, t) + c2{g(∇f, z)g(u, t)− g(∇f, t)g(u, z)} ,
W (u, v, z, t) = R(u, v, z, t) + a2{g(∇f, z)g(u, t)− g(∇f, t)g(u, z)} ,
W (∇f, w, z, t) = R(∇f, w, z, t) + b2{g(u, z)g(∇f, t)− g(u, t)g(∇f, z)} ,
where a, b and c are the function coefficients in (15). From these expressions and
equations (12), (13) and (14) we see that (M, g) is self-dual if and only if the
following relations hold for any vector fields z and t:
(16)
R(∇f, v, z, t)−R(u,w, z, t) + c{g(u, z)g(∇f, t)− g(u, t)g(∇f, z)} = 0 ,
R(u, v, z, t) + a2{g(∇f, z)g(u, t)− g(∇f, t)g(u, z)} = 0 ,
R(∇f, w, z, t) + b2{g(u, z)g(∇f, t)− g(u, t)g(∇f, z)} = 0 .
We use these expressions to check directly that the following terms of the cur-
vature vanish:
(17)
R(∇f, w,∇f, t) = 0 for any vector field t,
R(u, v, u, v) = 0, R(u, v, u, w) = 0
R(u, v,∇f, v) = 0, R(u,w,∇f, w) = 0, R(u, v,∇f, w) = 0.
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We begin by seeing that R(∇f, x,∇f, y) = 0 for x, y ∈ {∇f, u, v, w}. So we
compute:
R(∇f, u,∇f, u) = g(∇[∇f,u]∇f, u)− g(∇∇f∇u∇f −∇u∇∇f∇f, u)
= g(∇[∇f,u]∇f, u) = g(∇u∇f, [∇f, u]) = 0 .
R(∇f, u,∇f, v) = g(∇[∇f,u]∇f, v)− g(∇∇f∇u∇f −∇u∇∇f∇f, v)
= g(∇[∇f,u]∇f, v) = g(∇v∇f, [∇f, u])
= g(−c∇f − b u,∇∇fu)
= −c g(∇f,∇∇fu)− b g(u,∇∇fu)
= −c∇f g(∇f, u) + c g(∇∇f∇f, u)− b2 ∇f g(u, u) = 0 .
Since
0 = ρ(∇f, v) = R(∇f, u, v, w) +R(∇f, w, v, u) +R(∇f, v, v,∇f),
but R(∇f, w, v, u) = 0 by (17), we have that
R(∇f, v,∇f, v) = R(∇f, u, v, w) = R(v, w,∇f, u)
= g((∇[v,w] −∇v∇w +∇w∇v)∇f, u)
= −g(∇v∇w∇f, u) + g(∇w∇v∇f, u)
= g(∇v(c∇f + b u), u)− g(∇w(a∇f + cu), u)
= v(c)g(∇f, u) + c g(∇v∇f, u) + v(b)g(u, u) + b g(∇vu, u)
−w(a)g(∇f, u)− a g(∇w∇f, u)− w(c)g(u, u)− c g(∇wu, u)
= 0 .
Thus we get that R(∇f, x,∇f, y) = 0 for any x, y ∈ {∇f, u, v, w}. On the one hand
we have that R(u,∇f, u, v) = 12ρ(u, u) = 0 and, on the other hand, by (16), we have
that R(u,∇f, u, w) = R(u,∇f,∇f, v) and that R(u,w, u, w) = R(∇f, v,∇f, v).
This, together with (17), implies that R(u, x, u, y) = 0 for any x, y ∈ {∇f, u, v, w}.
Finally, since R(u,w,∇f, v) = R(∇f, v,∇f, v) by (16), the terms computed
above show thatR(u, x,∇f, y) = 0 for any x, y ∈ {∇f, u, v, w}, and thusR(z,D)D =
0 for arbitrary z. 
5. Gradient Ricci solitons on Riemann Extensions. The proof of
Theorem 1-(2).
Since the underlying structure of any self-dual isotropic gradient Ricci soliton is
that of a deformed Riemannian extension, we analyze the existence of gradient Ricci
solitons on the cotangent bundle T ∗Σ of an affine surface (Σ, D) equipped with the
deformed Riemann extension gD,Φ = gD+pi
∗Φ, where Φ is a symmetric (0, 2)-tensor
field on Σ. This analysis ends up completing the proof of Theorem 1-(2).
Let (x1, x2) be local coordinates on Σ and let (x1, x2, x1′ , x2′) be the induced
coordinates on T ∗Σ. Further, let DΓkij denote the Chrisfoffel symbols of the con-
nection D and let Φij be the component functions of Φ in the coordinates (x
1, x2).
Then the deformed Riemannian extension gD,Φ = gD + pi
∗Φ expresses in the coor-
dinates (x1, x2, x1′ , x2′) as
(18) gD,Φ = dx
i ⊗ dxi′ + dxi′ ⊗ dxi + {Φij(x) − 2xk′DΓijk}dxi ⊗ dxj .
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In order to simplify notation, we denote ∂xi :=
∂
∂xi
, ∂xi′ :=
∂
∂xi′
and ∂2xi′xj′ :=
∂2
∂xi′∂xj′
henceforth. The Levi-Civita connection of gD,Φ is determined by the fol-
lowing possibly nonzero Christoffel symbols
Γkij =
DΓkij , Γ
k′
i′j = −DΓijk , Γk
′
ij′ = −DΓjik ,
Γk
′
ij =
2∑
r=1
xr′
(
∂xk
DΓrij − ∂xiDΓrjk − ∂xjDΓrik + 2
2∑
l=1
DΓrkl
DΓlij
)
+
1
2
(∂xiΦjk + ∂xjΦik − ∂xkΦij)−
2∑
l=1
Φkl
DΓlij ,
where i, j, k ∈ {1, 2}.
Now, a straightforward calculation shows that the only possibly nonzero compo-
nents of the Ricci tensor of gD,Φ are given by
(19)
ρ(∂x1 , ∂x1) = 2ρ
sym
D (∂x1 , ∂x1)
= 2
{
DΓ111
DΓ212− (DΓ212)2+DΓ211(DΓ222−DΓ112)+ ∂x2DΓ211− ∂x1DΓ212
}
,
ρ(∂x1 , ∂x2) = 2ρ
sym
D (∂x1 , ∂x2)
= 2
{
DΓ112
DΓ212−DΓ211DΓ122
}− ∂x2(DΓ111−DΓ212)+ ∂x1(DΓ112−DΓ222),
ρ(∂x2 , ∂x2) = 2ρ
sym
D (∂x2 , ∂x2)
= 2
{
(DΓ111
D−DΓ212)DΓ122+DΓ112DΓ222− (DΓ112)2− ∂x2DΓ112+ ∂x1DΓ122
}
.
The following lemma shows that the potential function of a soliton in T ∗Σ is
given in terms of a function and a vector field on Σ.
Lemma 12. Let (T ∗Σ, gD,Φ, f) be a gradient Ricci soliton. Then f = ι(x) + pi
∗h
for some vector field x ∈ x(Σ) and some function h : Σ→ R.
Proof. Let f : T ∗Σ → R be a function. A straightforward calculation shows that
Hesf (∂xi′ , ∂xj′ ) = ∂
2
xi′xj′
f(x1, x2, x1′ , x2′). On the other hand, since f is the po-
tential function of a gradient Ricci soliton (i.e., Hesf +ρ = λgD,Φ), it follows im-
mediately from the expressions of the metric and the Ricci tensor in (18) and (19)
that Hesf (∂xi′ , ∂xj′ ) = 0 for all i, j = 1, 2. Hence the function f expresses as
(20) f(x1, x2, x1′ , x2′) = x1′pi
∗X1(x1, x2) + x2′pi
∗X2(x1, x2) + pi∗h(x1, x2),
for some smooth functions X1, X2 and h on Σ. Now, considering the vector field
x ∈ X(Σ) defined by x = X i∂xi , the function f is given by f = ι(x) + pi∗h. 
Assuming the vector field x 6= 0, one can specialize coordinates (x1, x2) on Σ
so that x = ∂x1 . Hence, as a consequence of Lemma 12, the potential function f
takes the expression f = x1′ + pi
∗h for some function h on Σ. Now, considering the
following components of the Hessian of a function of the form f = x1′ + pi
∗h,
Hesf (∂x1 , ∂x1′ ) =
DΓ111 Hesf (∂x1 , ∂x2′ ) =
DΓ211 ,
Hesf (∂x2 , ∂x1′ ) =
DΓ112 , Hesf (∂x2 , ∂x2′ ) =
DΓ212 ,
and the Ricci components given in (19), the Ricci soliton equation shows that
(21) DΓ111 =
DΓ212 = λ,
DΓ211 =
DΓ112 = 0 .
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Hence the only possibly non-zero components of the Ricci tensor (19) are
(22) ρ(∂x1 , ∂x2) = −∂x1DΓ222, ρ(∂x2 , ∂x2) = 2 ∂x1DΓ122 .
Lemma 13. Any non-trivial gradient Ricci soliton (T ∗Σ, gD,Φ, f) is steady.
Proof. Observe that (T ∗Σ, gD,Φ) is self-dual for any affine connection D and any
symmetric (0, 2)-tensor field Φ. We adopt the notation of Lemma 12 and assume
first that x is a nonzero vector field; hence we work with a potential function
f of the form f = x1′ + pi
∗h. Analyzing the causal character of ∇f , we see
from the expression of the Christoffel symbols in (21) that ‖∇f‖2 = 2λx1′ +
2∂x1h(x
1, x2) − Φ11(x1, x2). Hence, if λ 6= 0 we have that ‖∇f‖2 6= 0 on an
open dense subset of T ∗Σ and thus Theorem 1 shows that (T ∗Σ, gD,Φ) is in-
deed locally conformally flat. Now, a straightforward calculation of the Weyl
tensor shows that W (∂x1 , ∂x1′ , ∂x2 , ∂x1) =
1
2∂x1
DΓ222, from where it follows that
DΓ222(x
1, x2) = DΓ222(x
2).
Considering again the Ricci soliton equation, we have
0 = Hesf (∂x2 , ∂x2) + ρ(∂x2 , ∂x2)− λgD,Φ(∂x2 , ∂x2)
= ∂2x2x2h+
DΓ222(Φ12 − ∂x2h)− λΦ22 − ∂x2Φ12 + DΓ122(Φ11 − ∂x1h)
+ 12∂x1Φ22 + (2− x1′)∂x1DΓ122
and taking the derivative with respect to x1′ , one has ∂x1
DΓ122 = 0, Now, it follows
from (22) that (T ∗Σ, gD,φ) is Ricci-flat. This shows that any gradient Ricci soliton
on (T ∗Σ, gD,φ) with potential function f = ιx + pi
∗h is trivial if x 6= 0. Assume
now that the potential function is of the form f = pi∗h. Then a straightforward
calculation shows that
Hesf (∂x1 , ∂x1′ ) + ρ(∂x1 , ∂x1′ )− λgD,Φ(∂x1 , ∂x1′ ) = −λ = 0,
which shows that the corresponding Ricci soliton is necessarily steady. 
In the next lemma we show that the potential function of the soliton is indeed
the pullback to T ∗Σ of a function on Σ.
Lemma 14. Let (T ∗Σ, gD,Φ, f) be a gradient Ricci soliton. Then f = pi
∗h for a
function h : Σ→ R.
Proof. From Lemma 12 we know that f = ι(x) + pi∗h for a vector field x ∈ X(Σ)
and a function h : Σ→ R.
Assume x 6= 0, then we can specialize coordinates (x1, x2) on Σ so that x = ∂x1
as in previous lemma. Hence f = x1′ + pi
∗h. Since λ = 0 by Lemma 13, it
follows from equations (21) that DΓ111 =
DΓ212 =
DΓ211 =
DΓ112 = 0. Considering
now the steady Ricci soliton equation Hesf +ρ = 0, it follows from the component
Hesf (∂x2 , ∂x2) + ρ(∂x2 , ∂x2) = 0 that ∂x1
DΓ122 = ∂x1
DΓ222 = 0, and thus (22) shows
that gD,Φ is Ricci flat. Therefore, the assumption x 6= 0 forces the soliton to be
trivial and we conclude that the potential function reduces to f = pi∗h. 
Proof of Theorem1-(2). Let (T ∗Σ, gD,Φ, f) be a gradient Ricci soliton. By Lemma 14
the potential function f reduces to f = pi∗h for some function h ∈ C∞(Σ). A
straightforward calculation now shows that the possibly non vanishing terms of
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Hesf are given by
(23)
Hesf (∂x1 , ∂x1) = Hes
D
h (∂x1 , ∂x1),
Hesf (∂x1 , ∂x2) = Hes
D
h (∂x1 , ∂x2),
Hesf (∂x2 , ∂x2) = Hes
D
h (∂x2 , ∂x2).
Since the soliton is steady by Lemma 13, expressions in Equations (19) and (23)
show that the equation Hesf +ρ = 0 is equivalent to Hes
D
h +2ρ
sym
D = 0, which
finishes the proof. 
Remark 15. Observe that the existence of a gradient Ricci soliton on (T ∗Σ, gD,Φ)
is independent of the choice of the symmetric (0, 2)-tensor field Φ. Hence, any affine
gradient Ricci soliton (Σ, D, h) induces an infinite family of steady gradient Ricci
solitons (T ∗Σ, gD,Φ, pi
∗h). Moreover, all these gradient Ricci solitons are isotropic
since ‖∇pi∗h‖2 = 0.
Remark 16. The conformal structure of (T ∗Σ, gD,Φ) is related to the projective
structure of the affine surface (Σ, D). Indeed, it follows by a long but straightfor-
ward calculation of the Weyl tensor of gD,Φ that the possibly non-zero components,
up to curvature symmetries are
W (∂x1 , ∂x2 , ∂x1 , ∂x1′ ) = W (∂x1 , ∂x2 , ∂x2 , ∂x2′ ) =
1
2{ρD(∂x1 , ∂x2)− ρD(∂x2 , ∂x1)}
W (∂x1 , ∂x2 , ∂x1 , ∂x2) = Θ(Φ) + x1′
{
(D∂
x1
ρD)(∂x2 , ∂x2)− (D∂x2ρD)(∂x2 , ∂x1)
}
+ x2′
{
(D∂
x2
ρD)(∂x1 , ∂x1)− (D∂x1ρD)(∂x1 , ∂x2)
}
,
where Θ is a polynomial on the derivatives of the components Φij up to order two.
It follows that if (T ∗Σ, gD,Φ) is locally conformally flat, then the Ricci tensor ρ
D of
the affine connection D and its covariant derivative DρD are symmetric, i.e., the
affine connection D is projectively flat with symmetric Ricci tensor.
Proof of Theorem 2. Locally conformally flat gradient Ricci solitons are locally
warped products in the non-isotropic case, which also includes the Riemannian
setting (note that the proof in [4] remains valid for arbitrary signature) from where
Assertion (1) follows. Moreover, Theorem 2-(2) was proven in [4] where it is shown
that isotropic locally conformally flat Lorentzian gradient Ricci solitons are plane
waves as specified. In order to proof Assertion (3), recall from Theorem 1 that
any isotropic locally conformally flat gradient Ricci soliton is locally a deformed
Riemannian extension in signature (2, 2). Moreover, it follows from the work of
Afifi [1] that any deformed Riemannian extension gD,Φ which is locally conformally
flat is indeed a Riemannian extension gD after a suitable change of coordinates on
the affine surface (Σ, D). Hence, such structure is a locally conformally flat gradient
Ricci soliton if and only if it is the Riemannian extension of a projectively flat affine
gradient Ricci soliton. 
6. Affine gradient Ricci solitons
In this section we analyze the existence of affine gradient Ricci solitons on affine
surfaces, i.e., (Σ, D, h) satisfying HesDh +2ρ
D
sym = 0 for some function h : Σ → R.
As the results in the previous section showed, (Σ, D, h) is an affine gradient Ricci
soliton if and only if (T ∗Σ, gD, pi
∗h) is a gradient Ricci soliton. It then follows
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from Lemma 3-(3) that R(x, y,∇f, z) = (∇xρ)(y, z) − (∇yρ)(x, z), and thus the
curvature operator R(x, y) satisfies
(24) R(x, y)∇(pi∗h) = (∇x Ric)y − (∇y Ric)x,
for all vector fields x, y on T ∗Σ, where Ric is the Ricci operator on (T ∗Σ, gD).
Furthermore, if at some point ξ = (p, ω) ∈ T ∗Σ the vector fields x and y are given
by xξ = αi∂xi + αi′∂xi′ and yξ = βi∂xi + βi′∂xi′ , then the matrix of the curvature
operator R(x, y)ξ with respect to the coordinate basis {∂xi , ∂xi′} is of the form
(25) R(x, y)ξ =
(
RD(pi∗x, pi∗y)p 0
∗ −RD(pi∗x, pi∗y)tp
)
,
whereRD(pi∗x, pi∗y)p is the matrix of the curvature operator corresponding to pi∗x =
αi∂i and pi∗y = βi∂i (see [7] for details). Moreover the curvature tensor is given by
the Ricci as R(x, y)z = ρD(y, z)x−ρD(x, z)y for arbitrary vector fields x, y, z. Now,
since the gradient of the potential function pi∗h is given by ∇(pi∗h) = ∂x1h ∂x1′ +
∂x2h ∂x2′ it follows that
R(x, y)∇(pi∗h) = {ρD(pi∗y, pi∗x)∂x1h+ ρD(pi∗y, pi∗y)∂x2h}∂x1′
−{ρD(pi∗x, pi∗x)∂x1h+ ρD(pi∗x, pi∗y)∂x2h}∂x2′ .
This makes of special significance the cases when the curvature operator is in-
vertible and when the affine surface (Σ, D) is projectively flat. In the first case the
potential function is characterized by the equation∇(pi∗h) = R(x, y)−1[(∇x Ric)y−
(∇y Ric)x], while in the second case, it must satisfy R(x, y)∇(pi∗h) = 0. In par-
ticular no non-trivial affine gradient Ricci soliton may exist on a projectively flat
affine surface with non-degenerate Ricci tensor.
6.1. Projectively flat locally homogeneous affine gradient Ricci solitons.
Locally homogeneous affine surfaces were described by Opozda in [22], who showed
that if an affine surface (Σ, D) is locally homogeneous then either D is the Levi-
Civita connection of a surface with constant Gaussian curvature or, otherwise, there
exist local coordinates (x1, x2) such that D has Christoffel symbols given by:
(26) Type A: DΓkij(x
1, x2) = γkij , or
(27) Type B: DΓkij(x
1, x2) = 1
x1
γkij ,
for some constants γkij .
Recall that a connection D on Σ is locally homogeneous if and only if, in a neigh-
borhood of each point, there exist two linearly independent affine Killing vector
fields (i.e., vector fields whose local flows leave the connection invariant LxD = 0).
If a connection is of Type A, then it has constant Christoffel symbols in some lo-
cal coordinates (x1, x2) and hence {∂x1 , ∂x2} are linearly independent commuting
affine Killing vector fields. Further, if a connection is of Type B, all Christof-
fel symbols are given by (27) in some local coordinates (x1, x2) and one has that
{x = ∂x2 , y = x1∂x1 + x2∂x2} are linearly independent affine Killing vector fields
satisfying [x, y] = x. The converse statement holds true, and types A and B above
are characterized by the existence of linearly independent affine Killing vector fields
x, y satisfying [x, y] = 0 and [x, y] = x, respectively [2]. It is worth emphasizing
here that types A and B are not disjoint. Indeed, their intersection was studied in
[7], where it is shown that any Type B connection which is projectively flat with
symmetric, degenerate and recurrent Ricci tensor is also of Type A.
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Any locally homogeneous affine connection of Type A has symmetric Ricci tensor
and is projectively flat (cf. [7]). Hence, the compatibility condition (24) shows that
affine gradient Ricci solitons with curvature operator (equivalenly Ricci tensor) of
rank two are trivial. We assume the curvature operator has rank-one from now on.
Since the Christoffel symbols are constant, one may use a linear transformation to
ensure that the only non-zero component of the Ricci tensor is ρD(∂x1 , ∂x1), which
is equivalent to the equations
ρD(∂x1 , ∂x2) = γ
1
12γ
2
12 − γ211γ122 = 0,
ρD(∂x2 , ∂x2) = γ
1
22(γ
1
11 − γ212) + γ112(γ222 − γ112) = 0.
A straightforward calculation shows that the non-flat solutions are given by
setting γ112 = 0 and γ
1
22 = 0 at (26). Moreover, in this case it follows from (24) that
the potential function of the soliton is of the form h(x1), where it is a solution of
the linear equation
h′′(x1)− γ111h′(x1) = −2ρD(∂x1 , ∂x1) = −2(γ111γ212 + γ211γ222 − (γ212)2).
This shows that a homogeneous affine connection of Type A is a non-trivial affine
gradient Ricci soliton if and only if the Ricci tensor is of rank one.
Next we consider Type B locally homogeneous affine connections given by (27).
Let (Σ, D) be such an affine surface. A simple observation of the Weyl tensor of the
Riemannian extension (T ∗Σ, gD) as in Remark 16 shows that (Σ, D) is projectively
flat if and only if the Ricci tensor is symmetric (i.e., γ112 = −γ222 in (27)) and the
covariant derivative of the Ricci tensor satisfies (Dxρ
D)(y, z) = (Dyρ
D)(x, z), i.e.,
the Christoffel symbols satisfy the equations
(28) 2γ112γ
2
12−3γ211γ122+(2+γ111)γ222 = 0, (γ112)2−2γ112γ222+γ122(1−γ111+2γ212) = 0 .
Then a Type B locally homogeneous affine connection is projectively flat if and
only if γ112 = −γ222 and one of the following holds
(i) γ112 = 0, γ
1
22 = 0, or
(ii) γ212 =
1
2 (γ
1
11 − 1− 3 (γ
1
12
)2
γ1
22
), γ211 = − (γ
1
12
)3
(γ1
22
)2
− γ112
γ1
22
, γ122 6= 0 .
The Ricci tensor of a connection given by (i) above is of rank one and, moreover,
it follows after some calculations that it is recurrent (Dρ = ω⊕ρ with ω = − 2
x1
(1+
Γ111)dx
1). Hence, any Type B connection given by (i) is also of Type A, and thus
an affine gradient Ricci soliton.
Let nowD be a Type B connection given by (ii). SinceD is projectively flat, non-
trival affine gradient Ricci solitons may occur only if the Ricci tensor is degenerated,
which in terms of the Christoffel symbols is equivalent to(
(γ112)
2 + γ122 − γ111γ122
) (
(γ112)
2 − (3 + γ111)γ122
)
= 0.
The condition (γ112)
2 + γ122 − γ111γ122 = 0, implies that the Ricci tensor vanishes.
Therefore we assume that (γ112)
2 − (3 + γ111)γ122 = 0. Computing again the Ricci
tensor, one has
ρD = − 2
(x1)2

 (γ112)2γ122 γ112
γ112 γ
1
22

 .
Let h(x1, x2) be a smooth function on Σ. Considering the compatibility condition
(24) one has that γ122∂x1h − γ112∂x2h = 0, and thus ∂x1h = γ
1
12
γ1
22
∂x2h. Now the
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different components on the Ricci soliton equation HesDh +2ρ
D
sym = 0 become
HesDh (∂x2 , ∂x2) + 2ρ
D
sym(∂x2 , ∂x2) = ∂
2
x2x2h− 4(x1)2 γ122 ,
HesDh (∂x1 , ∂x2) + 2ρ
D
sym(∂x1 , ∂x2) = ∂
2
x1x2h+
2
x1
∂x2h− 4(x1)2 γ112 ,
HesDh (∂x1 , ∂x1) + 2ρ
D
sym(∂x1 , ∂x1) = ∂
2
x1x1h+
4
x1
∂x1h− 4(γ
1
12
)2
(x1)2γ1
22
.
The first equation above shows that ∂2x2x2h =
4
(x1)2 γ
1
22, and thus ∂
2
x1x2h =
4
(x1)2 γ
1
12.
Then the second equation above shows that ∂x2h = 0, which implies that h is
indeed a constant. This shows that Type B homogeneous connections given by (ii)
result in trivial affine gradient Ricci solitons.
Summarizing the above, we have
Theorem 17. Let (Σ, D) be a projectively flat locally homogeneous affine surface.
Then it is a non-trivial affine gradient Ricci soliton if and only if the Christoffel
symbols are constant in suitable coordinates and the Ricci tensor is of rank one.
Remark 18. As a consequence of the previous analysis one has that the kernel of
the Ricci tensor of any projectively flat homogeneous affine gradient Ricci soliton
is one-dimensional (there exist coordinates (x1, x2) where ker ρD = span{∂x2}) and
moreover it is parallel (since DΓ112(x
1, x2) = 0 and DΓ122(x
1, x2) = 0).
Remark 19. An affine surface (Σ, D) is locally symmetric if the connection satisfies
DρD = 0. Any locally symmetric connection is projectively flat and has symmetric
Ricci tensor [23]. Hence it follows from Theorem 17 that a locally symmetric affine
surface is a non-trivial affine gradient Ricci soliton if and only if the Ricci tensor
has rank one. Any such surface can be described, in adapted coordinates (x1, x2)
where the Christoffel symbols are constant as in (26), by the constrains γ111 = 0,
γ112 = 0, γ
1
22 = 0, and the potential function of the soliton is given by the equation
h′′(x1) = −2ρD(∂x1 , ∂x1).
Note that while Riemannian extensions gD of a locally symmetric affine con-
nection D are locally symmetric, deformed Riemannian extensions gD,Φ are not
symmetric for a general Φ.
Remark 20. Although the examples of locally homogeneous affine gradient Ricci
solitons in Theorem 17 are projectively flat by hypothesis, one can build examples
which are not projectively flat from manifolds of Type B above. Let (Σ, D) be
an affine surface given by (27) and specify the Christoffel symbols so that the
only non-zero ones are given by DΓ111(x
1, x2) = − 1
x1
and DΓ122(x
1, x2) =
γ1
22
x1
. A
straightforward calculation shows that it is an affine gradient Ricci soliton with
potential function h(x1, x2) = −4 ln(x1) + αx2 + β. Observe that (Σ, D) has Ricci
tensor symmetric of rank one [7] and recurrent with ω = − 2
x1
dx1.
6.2. Non-projectively flat affine gradient Ricci solitons. Through this sec-
tion we will examine a special family of affine surfaces (Σ, D) which generalizes
that of locally symmetric affine connections and results in new examples of non-
projectively flat affine gradient Ricci solitons. We consider affine connections whose
Ricci tensor is symmetric of rank one and such that the kernel of ρD is parallel.
These connections were described by Opozda [23], who showed the existence of
adapted coordinates (x1, x2) where the only nonzero Christoffel symbols are
(29) DΓ112 and
DΓ122 where ∂x1
DΓ112 = 0 .
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Moreover, the connection D is projectively flat if and only if ∂2x1x1
DΓ122 = 0 and
it is locally symmetric if and only if ∂2x1x1
DΓ122 = 0 and ∂
2
x1x2
DΓ122 = ∂
2
x2x2
DΓ112 +
2Γ112∂x2
DΓ112.
Let h(x1, x2) be an arbitrary function on Σ. Then the Ricci soliton equation
HesDh +2ρ
D
sym = 0 reduces to
(30)
HesDh (∂x1 , ∂x1) + 2ρ
D
sym(∂x1 , ∂x1) = ∂
2
x1x1h ,
HesDf (∂x1 , ∂x2) + 2ρ
D
sym(∂x1 , ∂x2) = ∂
2
x1x2h− DΓ112∂x1h ,
HesDf (∂x1 , ∂x2) + 2ρ
D
sym(∂x2 , ∂x2) = ∂
2
x2x2h− DΓ122∂x1h+ 2∂x1DΓ122
− 2∂x2DΓ112 − 2(DΓ112)2 .
First of all, observe that if D is projectively flat, then for any function of the
form h(x2), the system (30) reduces to the equation
h′′(x2) = 2∂x2
DΓ112(x
2) + 2(DΓ112(x
2))2 − 2∂x1DΓ122(x1, x2),
which is meaningful, in the sense that the equation always has local solution and
therefore provides new examples, since ∂2x1x1
DΓ122(x
1, x2) = 0 due to projective
flatness.
In the general situation, it follows from the first equation in (30) that the poten-
tial function h splits as h(x1, x2) = h˜(x2)+x1hˆ(x2). Moreover, the second equation
in (30) now shows that the function hˆ is completely determined by the linear ho-
mogeneous equation hˆ′(x2) = DΓ112(x
2)hˆ(x2), and thus hˆ(x2) = κeΞ
1
12
(x2), where
Ξ112(x
2) is a primitive of DΓ112(x
2) and κ ∈ R. Now, considering the third equation
above, one has
h˜′′(x2) = 2(DΓ112(x
2))2 + 2∂x2
DΓ112(x
2)
+hˆ(x2)DΓ122(x
1, x2)− 2∂x1DΓ122(x1, x2)− x1hˆ′′(x2) .
The necessary and sufficient condition so that the equation above is meaningful
is obtained by taking the derivative with respect to x1:
(31) hˆ′′(x2)− hˆ(x2)∂x1DΓ122(x1, x2) + 2∂2x1x1DΓ122(x1, x2) = 0.
Now, assuming hˆ(x2) 6= 0, one has that the previous equation determines the
Christoffel symbol DΓ122(x
1, x2) as follows
(32)
DΓ122(x
1, x2) =
2α(x2)
κ
e
(
1
2
κx1eΞ
1
12
(x2) − Ξ112(x2)
)
+ β(x2)
+x1
(
(DΓ112(x
2))2 + ∂x2
DΓ112(x
2)
)
,
for arbitrary functions α(x2), β(x2). Moreover, in this case the Ricci soliton equa-
tion (29) reduces to
(33) h˜′′(x2) = κβ(x2)eΞ
1
12
(x2) = β(x2)hˆ(x2).
Summing up the above, we have
Theorem 21. Let (Σ, D) be an affine surface whose Ricci tensor is symmetric of
rank one and has parallel kernel. Then it is an affine gradient Ricci soliton if and
only if either it is projectively flat or, otherwise there exist coordinates (x1, x2) where
the non-zero Christoffel symbols are given by (29), (32). Moreover, in the later case
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the potential function of the soliton is given by h(x1, x2) = h˜(x2) + x1hˆ(x2), where
hˆ(x2) = κeΞ
1
12
(x2) and h˜ is given by (33).
Remark 22. So far all the examples previously discussed of affine gradient Ricci
solitons have Ricci tensor of rank one. However, there also exist non-trivial ex-
amples with Ricci tensor of rank two. An immediate application of the com-
patibility condition (24) shows that such an example must fail to be projectively
flat, as already mentioned. We consider locally homogeneous affine connections
of Type B defined by (27) and specify the Christoffel symbols to be given by
DΓ111(x
1, x2) = 1
x1
(
γ212 ±
√
1 + 2γ212
)
, DΓ212(x
1, x2) =
γ2
12
x1
, DΓ122(x
1, x2) =
γ1
22
x1
for non-zero constants γ212, γ
1
22 such that γ
2
12 ≥ 12 . Then (Σ, D) is a locally ho-
mogeneous affine gradient Ricci soliton with potential function h(x1, x2) = κ ±
2
(
∓1±
√
1 + 2γ212
)
ln
(
x1 ∓ x1
√
1 + 2γ212
)
.
Moreover, the Ricci tensor ρD defines a metric of constant scalar curvature τ =
1∓
√
1+2γ2
12
(γ2
12
)2
on Σ.
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